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Abstract-The dispersion of neutrally buoyant matter in neutral and stably stratified atmospheric surface 
layers is described by the transient diffusion equation with an eddy diffusivity approximation. The con- 
centration moment method. which is well suited to computer techniques, is used to solve the mass con- 
servation equation for dispersion near the instantaneous line source at ground and elevated levels. The 
moment equations are solved by numerical methods for the zeroth, first. second, third and fourth moment 
of the longitudinal concentration distribution. 

The present results agree with analytic solutions available for neutral flows. The statistical properties 
of the dispersing cloud are used to find the constants that appear in the Lagrangian similarity hypothesis 

of Batchelor for wide range of stability conditions. 

NOMENCLATURE 

defined for equation (20) ; 
Batchelor’s universal constant that 
appears in equation (15) ; 
defined for equation (20) ; 
Batchelor’s universal constant that 
appears in equation (16) ; 
defined for equation (20) ; 
concentration of dispersant at a point ; 
p’th moment of longitudinal concen- 
tration distribution taken about 5 = 

0; 
vertical eddy diffusivity averaged over 
the cross-section of the flow for 
neutral atmosphere ; 
vertical eddy diffusivity averaged over 
the cross-section of the flow for stably 
stratified atmosphere ; 
space increment that is used in 
numerical solutions, 0.00833 ; 
time increment that is used in nu- 
merical solutions, OWOO15- / 
flatness factor for longitudinal con- 
centration curves ; 
von Karman turbulence coefficient 
in a logarithmic velocity distribution, 
0.42 ; 

Monin-Obukhov stability length, 
equation (9) ; 
exponent in power law variation of 
concentration ; 
local gradient Richardson number 
defined as u:/k(g/T)( - 9/c,p) 
skew coefficient for longitudinal con- 
centration curves; 
non-dimensional shear, i.e. kzju, 

(Wdz) ; 
dispersion time ; 
mean velocity ; 
friction velocity, square root of wall 
shear stress divided by fluid density; 
longitudinal spatial coordinate ; 
first moment of longitudinal concen- 
tration distribution taken about the 
mean of the cloud; X = z,,t + 0, 
transverse spatial coordinate ; 
vertical spatial coordinate; 
vertical mean displacement of the 
cloud ; 
vertical initial mean displacement of 
the cloud; 
reference height in neutral atmo- 
sphere ; 
reference height in stably stratified 
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atmosphere : 
friction height ; 
non-dimensional stability parameter, 
equation (9) ; 
m?lnir;ra1 rnnctant in lnu-lim=ar !a;,$. -“‘y”‘v”’ V”ll”L..llC 111 ‘“a 11I1WYI 

for velocity ; 
Dirac delta function ; 
dimensionless transverse space co- 
ordinate, defined as y/z, ; 
dimensionless vertical space coordi- 
nate, defined as z/z, ; 
dimensionless vertical space coordi- 
nate, defined as z/z, ; 
dimensionless mean velocity of flow, 
defined as Uz$D, ; 
dimensionless mean velocity of flow, 
defined as UzJD, ; 
dimensionless local velocity of flow 
relative to origin, 5 = 0, for co- 
ordinate system moving at mean 
dimensionless velocity pL, ; 
dimensionless local velocity of flow 
relative to origin, i” = 0, for co- 
ordinate system moving at mean 
dimensionless velocity ps; 
dimensionless longitudinal distance 
coordinate defined as (x - Ut)/z, ; 
dimensionless longitudinal distance 
coordinate defined as (x - Dt)/z, ; 
dimensionless mean longitudinal dis- 
placement of dispersant from 5 = 0; 
uati3mm= flf lnnn;tnxAin*l rnnrc=ntro_ I CAL LcLllUU “L ‘““~‘LUU”‘LL. UVII~~IILIU 

tion distributions : 
dimensionless variance of longitu- 
dinal concentration distributions; 
dimensionless dispersion time defined 
as D,t/z,” which is ku,ti2w : 
dimensionless dispersion time detined 
as D,t/zf which is ku,t/2z,; 
function defined by equation (9); 
universal dimensionless function in- 
volving L defined by equation (17) ; 
weighting function for the local velo- -- 
city, defined as (U - U)/U ; 
weighting function for the local eddy 
diffusivity, defined as EJD,; 

weighting function for the local eddy 
diffusivity, defined as EJD,. 

Subscripts 
n, npllttzal catmncnherir rr\nAitinnr. ll”ULlU. urllxvoyllrlnv U”II”ICI”‘,,7 ) 

Pl order of the moment of longitudinal 
concentration distribution taken 
about 5 = 0 ; integers ; 

.% stably stratified atmospheric condi- 
tions. 

Superscript _ 
cross-sectionally averaged. 

INTRODUCTION 

IN THE past decade considerable progress has 
been made in the prediction of dispersion of 
matter in turbulent shear flows. The practical 
applications of this literature to pollution 
control studies in natural streams and in the 
atmosphere are becoming more numerous. The 
means of attacking the problem has usually 
involved seeking solutions. for specific initial 
and boundary conditions, of the Eulerian 
transient diffusion equation. These analysis as 
applied to neutral atmospheric conditions, to 
fully developed channel and pipe flows have 
usually been based on eddy diffusivity approxi- 
mation using Reynolds’ analogy and semi- 
empirical solutions for the mean flow field. 

The Aitlimltv nf nhtainino cnllltinnc tn the 1 I.” ..“““.a”, V. V”....““.~ “V.II.-V..” IV ..I_ 

transient diffusion equation has encouraged use 
of concentration moment transformations which 
convert the equation to a more tractable system. 
Aris [I] was the first to use the moment trans- 
formations in laminar pipe flows. Sayre [2, 31 
employed Aris’ moment transformations to 
describe the behavior of the dispersant in a 
turbulent, open channel flow. Atesmen [4, 51 
extended G. I. Taylor’s [6] analysis in turbulent 
pipe flows in much the same manner as Sayre 
enlarged on Elder’s analysis of open channel 
flow [7]. 

Recently Chatwin [8] applied the moment 
technique to puff dispersion in an idealized 
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neutral atmosphere. He obtained analytic solu- 
tions to the zeroth, first, and second moments 
for the marginal distribution of the dispersing 
cloud that is released from an instantaneous 
point source in the constant stress region. He 
also showed that many of the results of the 
Lagrangian similarity theory of Batchelor [9, lo] 
can be derived without the dimensional argu- 
ments used by previous investigators. Chaudry 
[ 1 l] obtained analytical solutions to the zeroth 
and the first moments of the cloud in a stably 
stratified atmosphere. 

In this paper, the zeroth, first, second, third 
and fourth moment of a dispersing cloud are 
obtained by using an eddy diffusivity approxi- 
mation, Reynolds’ analogy, and semiempirical 
solutions for the mean flow field. The mean flow 
field for the neutral atmospheric surface layer 
satisfies the logarithmic wind profile and the 
resulting eddy diffusivity profile for the constant 
stress region. The mean flow field for the stably 
stratified atmosphere surface layer is assumed 
to follow the log-linear profile of Monin and 
Obukhov [ 121 and the resulting eddy diffusivity 
profile for a constant stress region. Local and 
cross-sectionally averaged statistical properties 
are reported and discussed. The -‘universal” 
constants that appear in Lagrangian similarity 
hypothesis are also investigated. 

PRESENT ANALYSIS 

One of the most direct theoretical approaches 
to the dispersion process is based on the 
principle of conservation of mass. The formula- 
tion of the turbulent dispersion equation into 
its correspondent concentration moment equa- 
tion for the marginal longitudinal concentration 
distributions is detailed in several references, 
e.g. [l, 2, 4, 8, 111. The concentration moment 
formulation requires that the flow field be 
axially homogeneous but the eddy diffusivity 
may vary in the transverse directions. Thus in 
this work, $ will be a specified function of q 
which satisfies the constant shear stress model 
and Reynolds analogy. It is worth noting that 

the eddy diffusivity in the transverse direction 
in equation (1) could in principle also be time 
dependent as required by Taylor’s continuous 
movement theory of diffusion, e.g. [ 131, but 
there does not appear to be sulficient atmo- 
spheric data on Lagrangian spectral density 
functions to warrant this added complexity in 
the present study. 

a ac, 
aT - 3 *2 + PcLXCp-1 ( > 

+ P(P - WC,-, (1) 

where C, is the pth integer moment of the 
marginal concentration distribution with res- 
pect to c, namely, 

C,(W) = I[ 5pC(& V, r) d5. (2) 

Thus C,,(~,J, z) represents the transient mass 
distribution in the vertical direction along the 
axial centerline; C,(~I, r) is the mean position of 
the cloud as a function of vertical position and 
dispersion time. Note that the lateral diffusion 
must be accounted for before the transient point 
source concentration field, C(5, q, c, T), can be 
estimated from the integer moments of the axial 
marginal concentration distribution C,(q, r). In 
other words, 

C(& rl, r) = I[ C(5, 9, c, t) di. (3) 

The procedure followed here is similar to that 
used by Chatwin [8] for the neutral flow 
boundary layer. 

The initial conditions for the point source are 

C,bL 0) = 6(tl - VCJ for p = 0 

C,hO) = 0 for p > 0 (4) 

where s(q - Q,) is the Dirac delta function and 
‘lo is the location of the point source. The 
boundary conditions are 

ac,_0 
att - 

at q = 0 and at q = 1. (5) 

The boundary condition at q = 1 holds in case 
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of an inversion. The solutions for the neutral 
atmosphere are essentially correct before this 
boundary condition starts to effect the dispersing 
cloud (e.g. Figs. 4b and 17), by reflecting mass 
at the upper boundary. 

The -concentration moment solutions for 
p = 0, 1. 2, 3 and 4 of equation (1) in a neutral 
and in a stably stratified atmosphere have been 
obtained numerically by using the momentum 
transport properties outlined below. 

Throughout this study the turbulent Schmidt 
number has been assumed to be unity. This 
assumption has been criticized widely. However, 

(6) 

recent studies by Webb [ 141 show that the ratio 
of the eddy diffusivity for heat to the eddy 
diffusivity for momentum remains constant, 
essentially equal to unity, over a wide range of 
thermal stratification. 

The mean flow field for the neutral atmo- 
spheric surface layers is given by 

PCX = $ (ln r + 1) 

*= 2q 
@( 1 + crq)’ 

(10) 

It has been found by Webb [14] that the log- 
linear wind profile of Monin and Obukhov, 
equation (8), is valid for z/L values between 
-0.03 and + 1 which includes a wide range of 
stable conditions, and the Monin-Obukhov 
coefficient /? has a value of 5.2 in stable condi- 
tions. Therefore, the a values in this study range 
from zero, neutral conditions, to seven, very 
stable conditions. 

BEHAVIOR OF THE STATISTICAL PROPERTIES 

converted to a frame of reference which is 

OF A DISPERSING CLOUD FROM AN 

moving with the mean displacement of the 

INSTANTANEOUS POINT SOURCE 

cloud as follows. 

AT GROUND LEVEL 

All the concentration moments are calculated 
in a frame of reference which is moving with the 
mean velocity ; note the definition of 5 in the 
nomenclature list. The results can easily be 

where k is von Karman’s constant. The resulting c 
eddy diffusivity profile for the constant stress 

2 = (X - Ut)/z, 
C, 

(11) 

region is given by 
and 

* = 2r/. (7) 

The mean flow field for the stably stratified 

c, o2 
_-x+ 2 0 

2 

c, - z,” 
, etc. 

0 

atmospheric surface layers comes from the well- 
known Eulerian similarity theory which was 

This latter procedure was used by Chatwin [8] 

developed by Monin and Obukhov [ 121. and Csanady [ 151 for atmospheric dispersion, 
while most investigations of dispersion in pipes 

px = & [In y + 1 + a(q - OS)] (8) 
and channels [3, ?] have adopted the frame of 
reference used herein. 

where c( is the stability parameter, namely 
It is very difficult to compare the statistical 

properties of a cloud in a neutral atmosphere 
ci = flzJL with one in a stably stratified atmosphere 

and 
because the Monin-Obukhov length scale L 
goes to infinity for the neutral case. Further- 

@ = [a - In (1 + a)]/(a2/2). (9) more, it is hard to devise a momentum similarity 
between the different stability conditions. In 

The resulting eddy diffusivity profile for the boundary-layer type flows, the free stream 
constant stress region of the stably stratified velocity, and in confined flows such as in pipes 
flow field is given by and in channels, the mean velocity have been 



DISPERSION OF MATTER 2215 

the customary momentum parameter. However, 
none of these velocities are customarily used for 
the atmosphere, but rather all attention is 
traditionally given to the local velocity values. 

In this study, z, is chosen as an arbitrary 
height for the neutral atmosphere which is 
typically between 50-500 ft. z, is chosen as an 
arbitrary height for the stably stratified atmo- 
sphere which is typically equal to L. As the 
stratification increases, L decreases ; that is, the 
flow is confined more and more closely to the 
ground. With these arbitrary upper heights, 
cross-sectionally averaged mean velocities can 
be defined as 

2. 

t7,=l Udz 
Z” s 

for neutral flows, and 

0 
2. 

Us=+ Udz for stably stratified flows. 
s s 

0 

The mean velocity for the neutral case U, is 
taken to be equal to the mean velocity for the 
stable case US in order to be able to compare 
the results ; that is, 

z Jz, = exp (0.5 a) (12) 

by assuming u,, w uT,, zo/z. E 0, and zo/z, z 0. 
Also most of the plots are shown in the co- 
ordinate system of the neutral atmosphere, 
namely q. = z/z,, and r, = DJ/z,” for easier 
comparison 

- = @ exp (05 a). 
r, 

(13) 

The comparison of statistical properties in 
stratified flows can be made in several different 
ways, namely by setting UAz,) = U,(z,J or 
UXz,) = U,(z,), etc. These relations change only 
equations (12) and (13). Therefore, the reader 
can convert the statistical properties in a 
reference frame of his wish. 

If the mean temperature and the mean 
velocity profiles are assumed to remain similar 
throughout the range of thermal stability that is 
of interest here, the Richardson number Ri 
profiles become 

Ri = z/L/(1 + fiz/L). (14) 

The Ri profiles are shown in Fig. 1. As a 
increases, L Ri/z, decreases so Ri increases ; 
that is, flRi/u = L Ri/z,. 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

L 

r 

RG. 1. Richardson number as a function of z/q for different stability conditions. 
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In ail runs the strength of the instantaneous - x = Uf, for ground sources under various 
point source was chosen such that the cross- stability conditions is shown in Fig. 3 in terms 
sectionally averaged zeroth moment always of a power index. These power indices are valid 
remained equal to unity. The normalization of only for the given range of T,. 
C,(q, r) averaged over the vertical coordinate In Fig. 4a, the vertical distributions of the 

FIN;. 2. Comparison of the amount of dispersant that stays on the ground for dilkrent stability 
conditions. 

corresponds to the release from an infinite line 
source parallel to the y axis. To obtain absolute 
values of concentration downstream from a 
point source of release at the origin, it would be 
necessary to multiply C&r, T) by the fraction of 
the injected mass which has diffused off the semi- 
infinite intinitesimal slab of thickness dy and 
height z, (or z,) which extends along the axial 
coordinate from x = - cc to x = + a. In other 
words, to obtain absolute values of concentra- 
tion in the point source configuration we must 
recall that C, (r~, T) are axial moments of a 
marginal concentration distribution as defined 
by equations (2) and (3). 

In Fig. 2, the amount of dispersant that stays 
on the ground is shown as a function of z, for 
different stabilities. As stability and therefore LX 
increases, CO ground increases as expected. 

The variation of maximum concentration 
with time or with axial distance downwind, i.e. 

0.2 

0.1 

FIG. 3. Comparison of the amount of dispersant that stays 
on the ground as a function of dispersion time. 

0.01 O.@ 0.03 0.10 

5 
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Fit;. 4a. Vertical distributions of the amount of dispersant at T, = 0015 for different stability 
conditions. 

Effect of Reflectmn Boundary Condltmn at v,= 1.0 

I 

Exact Solutions of 
Chotwln (1968) 

-J=l0,000,~=0.15- . 
----- J= 5,000 ,r=0.075- 0 

Ground Source at I= I 
Or =0.000015, D~=0.00833 

Present NumerIcal 
SOlUilOllS 

. 

0 

--._ 
0 

---L._ ---_ 
5 6 

I 

7 

FIG. 4b. Comparison of zeroth moments between Chatwin’s (1968) exact 
solutions and present numericd solutions for an instantaneous ground point 

source in a neutral atmosphere. 
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R& 5. Comparison of numerical and analytical cross- 
sectionally averaged first moments as a function of dispersion 

time. 
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-4.0 
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-5.0 
0=5 I 

-6.0 , I 

-7.01 1 1 1 I I\ I I I I I 

0 0.02 0.04 0.06 0.08 0.10 

c 
FIG. 6. Comparison of cross-sectionally averaged first 
moments for different stability conditions as a function of 

dispersion time. 

1 1 

0 0.02 0.04 0.06 0.08 0.10 
rn 

FIG. 7'. Comparison of cross-sectionally averaged vertical mean displacements for different stability 
conditions as a function of dispersion time. 
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0.4 

0.2 

0 
-4 -3 -2 -I 0 

t 

FIG. 8. Vertical distributions of the first moments at different dispersion times in a neutral atmo- 
sphere for ground level sources; cross-sectional averaged mean displacements r are shown as 

closed circles. 

zeroth moments are compared for different The behavior of the zeroth moments in a 
stability conditions at r, = 0.015. Physically, neutral atmosphere are also compared in Fig. 
these curves correspond to the relative vertical 4b with Chatwin’s [S] analytical solution where 
distribution of mass downstream from a ground he used the upper boundary condition C -+ 0 
level source at a specified non-dimensional time. as z + E. The present numerical solutions 
More dispersant remains closer to the ground agree very closely with the analytical solution. 
with increasing stability or CL However. the use of a reflection boundary 

t 

r,=OOl27 or_ 

FIG. 9. Vertical distributions of the first moments at different dispersion times in a stably stratified 
atmosphere; cross-sectional averaged mean displacements r are shown as closed circles. 
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0 0.02 0.04 0.06 0.08 0.10 

‘n 

FiG. 10. Cross-sectionally averaged variance of longitudinal 
concentration distribution as a function of dispersion time. 

condition in the present numerical solutions of 
equation (1) at a reference height z, causes the 
numerical solutions to start to deviate appreci- 
ably for r,,> 015 from Chatwin’s exact solu- 
tions. Therefore, all the statistical properties 
that are reported in this study are for 0 < r, < 
0.15. 

ATESMEN 

The cross-sectionally averaged mean displace- 
ment of the cloud from x = Tj’t, i.e. from the 
observer riding the mean velocity, is shown in 
Fig. 5. The displacement of the cloud is slower 
than the displacement of the observer. The 
numerical solution is compared with the ana- 
lytical solution assuming b = k and c = 0.56. 
The discrepancy between the two curves is due 
to the values of c which decreases with time and 
approaches the long time asymptotic value of 
056. The behavior of the Lagrangian similarity 
constants will be discussed later in more detail. 
The cross-sectionally averaged longitudinal 
mean displacement of the cloud from the 
observer is shown in Fig. 6 for various stability 
conditions. As a increases, the cloud does not 
diffuse as rapidly as it would in a neutral 
atmosphere. The cloud then moves with a mean 
velocity which is weighted to the slow speeds 
near the ground and deviates appreciably from 
the vertically averaged mean wind. 

In Fig. 7, the cross-sectionally averaged 
vertical mean displacement of the cloud Z is 
shown. A comparison of vertical mean displace- 
ments for the same mean velocity under neutral 
and stable conditions reveals that the vertical 
spread is greatly reduced due to the effect of 
thermal stratification on cloud growth. Figures 

I.0 I I 

0.8 

0.6 

N 

b- 

0 J 
0 0.01 0.02 0.03 0.04 0.06 0.08 0.10 

r” 

FIG. 11. Comparison of numerical and analytical second moments as a function of dispersion time. 
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rn 
Tfl 

FIG. 12. Skew coeflicient of longitudinal concentration R‘G. 13. Flatness coefficient of longitudinal concentration 
distributions as a function of dispersion time. distribution as a function of dispersion time. 
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FIG. 14. Comparison of the amount of dispersant that stays on the ground from an elevated source 
as a function of dispersion time. 
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8 and 9 show the vertical distributions of 
longitudinal local displacements of the cloud at 
different times for two stability conditions, 
01 = 0 and a = 1. For comparison purposes, 
the cross-sectionally averaged mean displace- 
ment of the cloud r taken from Fig. 6, are 
plotted as solid circles on the local vertical 
distributions of 5 plotted in Figs. 8 and 9. 

0.01 
0.01 ( 

‘n 

1 

).I0 

FIG 15. Comparison of the amount of dispersant that stays 
on the ground from an elevated source for different stability 

conditions. 

Clearly, the bulk of the cloud is well below the 
upper boundary for the cases shown. 

The relative longitudinal spread of the cloud 
can be estimated from Fig. 10 for different 
stability conditions. The dispersant spreads 
much more slowly with increasing stable con- 
ditions. Figure 11 compares a previous ana- 
lytical solution for neutral case with the 

ATESMEN 

numerical solution. The analytical solution was 
obtained by neglecting the longitudinal turbu- 
lent diffusion which was assumed to be small 
compared with interactive combination of ad- 
vection and vertical turbulent diffusion. The 
addition of the longitudinal turbulent diffusion 
in the present numerical solution increases the 
variance of the cloud negligibly thereby veri- 
fying the assumption that turbulent transfer in 
the axial direction is small compared with what 
is termed by some authors as “Taylor’s diffu- 
sion”. 

The Skew coefficient and the flatness co- 
efficient of the vertically averaged longitudinal 
concentration distributions are shown in Figs. 
12 and 13 respectively for several stability 
conditions as a function of non-dimensional 
dispersion time r”. The behavior of these higher 
moments show that the longitudinal concentra- 
tion distributions are not Gaussian near the 
source. The deviations from normality can be 
accounted for by using the Hermite polynomial 
representations of the local longitudinal con- 
centration distributions (see, Chatwin [ 161 and 
Atesmen [5]). 

BEHAVIOR OF THE STATISTICAL PROPERTIES 
OF A DISPERSING CLOUD FROM AN 

INSTANTANEOUS ELEVATED POINT SOURCE 

To investigate the influence of source eleva- 
tion, an elevated source was located at q = 
0.0833 or the tenth vertical increment of the 
computational grid. Again most of the plots are 
shown in the coordinate system of the neutral 
atmosphere, namely qn = z/z, and z, = D,t/zz. 

Figures 14 and 15 show the zeroth moment of 
the dispersant on the ground level as a function 
of t, for different stabilities. As the stability 
increases more and more dispersant is trapped 
on the ground level. 

The vertical distributions of the zeroth 
moments are shown in Figs. 16 and 17 for 
different stability conditions. The neutral case 
is compared with Chatwin’s [8] analytical 
solution. The two solutions agree very closely. 



0.2E 

0.2 

+ 

0.1 

C 

DISPERSION OF MATTER 2283 

I= IO, T”=o.o15, a=PzJL 

k 0’1 

0 0.05 0.10 

co 

s max 

FIG. 16. Vertical distributions of the amount of dispersant at t, = 0.015 for different stability 
conditions. 

Exact Solutmns of Present Numerlcol 

I .o Chotwln (1966) Solutions 

- .I= 1000, r=0.015 - . . 

----- JT5000, r=0.075- D 0 

Elevated Source at I =I0 

Dr =0.000015 , D7 =0.00833 

c,(~JI=_~~C(~.~J) dE 

FIG. 17. Comparison of zeroth moments between Chatwin’s (1968) exact 
solutions and present numerical solutions for an instantaneous elevations 

point source in a neutral atmosphere. 
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FI‘C. 18. Comparison of cross-sectionally averaged first 
moments for an elevated source as a function of dispersion 
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The cross-sectionally averaged mean displace- 
ment of the cloud from the observer is always 
less for an elevated source than a ground level 
source as shown in Fig. 18. The cloud moves 
downwind faster from an elevated source as 
expected, because the mass is injected into a 
region of higher velocity than a ground level 
source. 

The cross-sectionally averaged vertical mean 
displacement of the cloud is shown in Fig. 19. 
Figures 20 and 2 1 show the vertical distributions 
of longitudinal local displacements at different 
times for a = 0 and a = 1; the cross-sectionally 
averaged mean displacements r are shown for 
comparison as solid circles on these distribution 
curves. 

The variance of longitudinal concentration 
distribution for various stability conditions is 
shown in Fig. 22. The cloud spreads longitudi- 
nally relatively faster for an elevated source than 
a ground level source. 

The skew coefficient and the flatness co- 
efficient for the cross-sectional averaged longi- 
tudinal concentration distributions are shown 
in Figs. 23 and 24 respectively for several 
stability conditions for the elevated source. 

These statistical parameters do not actually 
predict the longitudinal concentration distribu- 

0.02 0.04 0.06 0.08 0.1 

T’n 

FIG. 19. Comparison of cross-sectionally averaged vertical mean displacements for an 
elevated source as a function of dispersion time. 
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-4 -3 -2 -I 0 

FIG. 20. Vertical distributions of the first moments at different dispersion times for an elevated 
source ; cross-sectional averaged mean displacements e are shown as closed circles. 

tions of the cloud, but only some measures of as a detailed dispersion model for neutral and 
these curves and especially the behavior of the for the stably stratified atmospheric surface 
dispersant cloud near the injection source. layers. In many engineering problems dis- 
However, the combination of the local moments persants are introduced intermittently or con- 
from Ca(q, r) through C&r, r) together with the tinuously into the atmosphere. Such sources 
Hermite polynomial series distribution function cannot be approximated well by an instan- 
(see Chatwin [ 161 and Atesmen [ 51) can be used taneous source, but the concentration distribu- 

-4 -3 -2 -I 0 

E 

FIG. 21. Vertical distributions of the first moments at different dispersion times for an elevated 
source: cross-sectional averaged mean displacements < are shown as closed circles. 



2286 KEMAL M. ATESMEN 

0.8 

0.2 

0 

7 

0 0.02 0.04 0.06 0.08 0.10 

5 

FIG. 22. Variance of longitudinal concentration distribution 
as a function of dispersion time for an elevated source. 

tion functions resulting from instantaneous 
sources can be superimposed to simulate actual 
sources (see Batchelor [lo] and Atesmen [4]). 

LAGRANGIAN SIMILARITY THEORY 

The Lagrangian similarity theory was sug- 
gested by Batchelor [9, lo] for a neutrally 
stratified atmospheric surface layer. The success- 
ful application of Eulerian similarity theory over 
a wide range of stability conditions, e.g. see 
Webb [14] and Monin [17], led to the possi- 
bility of extension of Lagrangian similarity 
theory to diabatic atmospheric surface layers, 
Gifford [18], Cermak [18] and Chaudry [ll] 
discuss this extension in detail. Only the high- 
lights of the theory will be reviewed here in 
order to compare the present numerical model 
to the similarity predictions. 

The average vertical velocity of a particle is 
assumed to be uniquely determined by the shear 
velocity u, times some universal function in- 
volving L ; that is 

dF/dt = bu&/L) (15) 

where 4(O) = 1 for neutral conditions. Similarly, 
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FIG. 23. Skew coefficient of longitudinal concentration 
distribution as a function of dispersion time for an elevated 

source. 

the average longitudinal velocity of a particle is 

djl/dt = u,/k(ln(c?/+,) - /I/I@ - zJ). (16) 

The universal function 4 is obtained using the 
log-linear law, namely 

WL) = /G/L) = l/( 1 + /G/L) (17) 

where S(z/L) is the nondimensional wind shear. 
Combining equations (15) and (17) and 

integrating with the assumption that b/k is a 
constant yields, 
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FIG. 24. Flatness coefficient of longitudinal concentration 
distribution as a function of dispersion time for an elevated 

source. 

b/k= 
Zi a@ 

-&f~-;i 42 .\ 1 s s (18) 
where Z,, is the initial vertical mean displace- 
ment of the cloud for an elevated source. 
Equation (18) simplifies to 

127, (19) 

for the neutral case. Using equations (18) and 
(19) and the numerical moment solutions of the 
present work, b/k is obtained as a function of r, 
for several stability conditions. Figure 25 shows 
the b/k values for ground level source. Chatwin 
[8] found that for the neutral case, b = k. That 
is, the Eulerian diffusion equation with the 
model assumptions concerning velocity distri- 
butions and mass diffusivities used herein is 
consistent with Lagrangian similarity theory for 
neutral flows when one takes Batchelor’s con- 
stant b to be equal to von Karman’s constant k. 
As the stratification increases the value of b is 
not constant but rather decreases. For an 
elevated source, Fig. 26, b is equal to k. All the 

1.0 

0.6 

e 

0' 
I I I I I 

0 0.02 0.04 0.06 0.06 0.1 

G 

FIG. 25. Batchelor’s universal constant b as a function of dispersion time for a ground source 
and from different stability conditions. 
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FIG. 26. Batchelor’s universal constant b as a function of dispersion time for an elevated 
source and for different stability conditions. 

b/k vs. z, curves appear to approach an asymp- be integrated to give 
totic limit for long dispersion times. From Figs. 
25 and 26, it may be concluded that Lagrangian 
similarity theory does not apply to short dis- 
persion times and to stably stratified atmo- 

c = expi”fT 2J” + 4’“; + c:Q)’ 

spheric flows. 
By knowing the value of b, equation (16) can [ln(a, + J(b, + c,4 - 51 

0.6 

0.5615 

0 0.02 0.04 0.06 0.10 
TIl 

FI 6.27. Batchelor’s universal constant c as a function of dispersion time for a ground source 
and for different stability conditions. 
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FIG. 28. Batchelor’s universal constant c as a function of dispersion time for an elevated 
source and for different stability conditions. 

[Wl +J(h + c,G>) - 11 

- “’ +2db1’- [ln(a, + db,) - $1 
I_ 

+ %@I + JW [lnh + Jb,) - 1 1 
+ & [(bl + c,r,)+ - bf] + 0.5cl ) (20) 

1s I 

where 

u =-l/ab =r+!s+!6 
1 3 1 

a2 a z, z,Z’ 

and 
4b 

Cl =-. 
ak@ 

Equation (20) simplifies to 

_ZOlnO+ZO 
1 I _ 1 (21) 

Z” zn Z” 

for the neutral atmosphere. Using equations 
(20) and (21) together with vertical and longi- 

tudinal mean displacements of the cloud ob- 
tained numerically and the b/k values previously 
shown, c is obtained as a function of r, for 
several stability conditions in Figs. 27 and 28. 
The value of c in a neutral atmosphere for a 
ground level source approaches an asymptotic 
limit of 056 for long dispersion times as was 
found by Chatwin [S]. The value of c can be 
described physically as the difference between 
the average horizontal velocity of the particles 
and log-linear wind velocity at the average 
height Z, namely 

dZ/dt - G(Z) = uJk In (c). (22) 

Both for the ground level source, Fig. 27, and 
for the elevated source, Fig. 28, the values of c 
stay the same. The c values vary with stability 
and with dispersion time. As the stability 
increases, the average horizontal velocities of 
the particles approach the log-linear wind 
velocity, i.e. equation (22). Clearly, Lagrangian 
similarity predictions involving constants b and 
c are generally not consistent with the Eulerian 
diffusion model used here for stably stratified 
flows. 

CONCLUDING REMARKS 

The characteristics of a cloud of neutrally 

L 
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buoyant dispersant have been calculated nu- 
merically using the concentration moment tech- 
nique. The transient Eulerian diffusion equation 
with an eddy diffusivity approximation was 
assumed to apply to the constant stress region 
of an atmospheric boundary layer. The model 
utilizes semi-empirical wind profiles, logarith- 
mic for neutral flows and log-linear for stably 
stratified flows, and a turbulent Schmidt number 
of unity. The technique demonstrated here 
could easily be applied to more complex shear 
flow models, if there was experimental evidence 
which warranted it, so long as the flow field is 
axially homogeneous over the region of interest. 

The dispersing cloud in a stably stratified 
flow grows much slower than under neutral 
flow conditons. In all cases, the interaction of 
the vertical turbulent diffusion with the verti- 
cally varying axial mean flow field causes a 
horizontal dispersion which is many times that 
which would occur due to axial turbulent 
diffuiion. The concentration distributions are 
complex, but using the moments of the concen- 
tration distributions presented herein, good 
estimates of the most probable cloud shape can 
be made. The clouds are highly skewed and are 
not well represented by a Gaussian concentra- 
tion distribution ; this is especially true for 
elevated sources in the shear region. 

The “constants” of Lagrangian similarity 
theory are shown to be strongly dependent on 
the dispersion time and degree of stability. Only 
for the special case of neutral flows are the 
predictions of the present model consistent with 
those of Lagrangian similarity theory. 
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LA DISPERSION DE MATIERE DANS DES COUCHES SUF~RFICIELLES 
ATMOSPHERIQUES NEUTRES ET STRATIFIEES DE FACON STABLE 

R&m&La dispersion de matiere librement mouvante dam des couches atmosphCriques superficielles 
neutreset stratif%es de fagon stable est d&rite par l’6quation de diffusion transitoire avec une approximation 
sur la diffusiviti par turbulence. La methode du moment de concentration qui s’adapte bien aux techniques 
des ordinateurs est utilisCe pour rCsoudre I’Cquation de conservation de masse pour la dispersion pr2s 
de la source lintaire instantannke A des niveaux prhs du $01 et &levits. Les 6quations des moments sont 
rksolues par des mtthodes numCriques pour les moments d’ordre zero. un, deux, trois et quatre de la 
distribution longitudinale de concentration. 

Les rtsuitats s’accor&ent avec des solutions analytiques valables pour des 6coulements neutres. Les 
propriCtts statistiques du nuage dispersant sont utilisbes pour trouver les constantes qui apparaissent dans 
I’hypothtse de similaritr! lagrangienne de Batchelor pour un large domaine de conditions de stabilitC, 

DIE STOFFVERTEILUNG IN NEUTRALEN UND STABILEN 
OBERF~CHENSCHICHTEN DER ATMOSP~R~ 

Zusammenfasslmg Die Verteilung von Teilchen ohne Auftrieb in neutralen und stabilen Oberfllchen- 
schichten der Atmosphlre wird beschrieben mit Hilfe der Obergangs-Diffusions-Gleichung und einer 
NiherungslGsung fiir den Turbulenzgrad. Die Konzentrations-Momenten-Methode, die sich gut fiir 
Rechenmaschinen eignet, wird benGtzt, urn die Massenerhaltungsgleichung Wr die Verteilung nahe der 
augenblicklichen Linienquelle am Boden und in verschiedenen Hijhen zu l&en. Die Momentengleich- 
ungen werden auf numerische Art gel&t und zwar Wr das nullte, erste, zweite, dritte und vierte Moment 
der LIngskonzentrationsverteilung. Die vorliegenden Ergebnisse stimmen mit analytischen Liisungen 
fiir neutrale StrBmung iiberein. Die statistischen Eigenschaften der sich verteilenden Wolke werden 
herangezogen um die Konstanten zu ermitteln, die in der Lagrangen ~hnlichkeitshypothe~ von Batchelor 

auftreten, und zwar fiir einen grossen Bereich der Stabilit~tsbedingungen. 

,lJMCIIEPCkI~ BEIIJECTBA B HEltlTPAJIbHbIX EI YCTO@IkiBO 
CTPATM@kfLJMPOBAHHbIX fIOBEPXHOCTHbIX CJIORX ATMOC@EPbi 

~~~~-~~c~epc~~ He~Tpa~bHo ~~aBa~~er0 Be4e~Taa B He~Tpa~bK~x H yc~0~~~a0 
~TpaTK~W~poBaHH~X rIOBepXHOCTHbIx eno~x aTsfoctpepsl. onncbzsaeTe~ HecTaqaonapKnnf 
ypaBHeHaeM m@iyamcnpuMeHemeM npk¶6nH~eHHOrOKoa@@i~KeHTaBKXpeBOti~K~~yaH~. 
AnH pac~eTaypaBHemucoxpaHemi~maccbI npKailcnepcvrrr~oa~~en~aellHoroacTo~~~Ka~a 

ypoaHe El: B=me ypoBHi~ ae?dnK HcnOnbayeTCH MeTog MOKeHTa KoH~enTpa~~~, KOTOpat& 
Mo~eTKC~o~baoBaTbC~~pKpaCqeTaXKa 3B~.Yp~HeH~~ mO~eHTOBpema~TC~Y~C~eHH~M~ 
MeToriaMx AJIfi HyJIeBOrO, BTopOrO, TpeTberO H <eTBepTOrO MOMeHTO; llpOJ(OJIbHOrO paCIlpe- 
BeJIeHHH KOHlJeHTpaI(WH. 

PeaynbTaTbI AaHHolli pa6om CornacyroTcfl c llmeIoqaMncR aKannT89ecKBMB perueHIiflMH 
nn53 HetiTpanbHbIx TeseKlifi. CTaTmzcK¶ecK~e cBoZtcTBa ~~cneprKpy~~er0 o6naKa HCIIOJIba- 
yio~cfi AJrfi Haxo~~eH~x ~oc~off~~~x, KoTopare ~o~B~~~Tc~ B ~arpaK~eB0~ rKnoTeae 

noAo6Ks EeTsenopaHaR urapoKoro AHanaaoHa ycaos~ll ~CTO~WBOCTH. 


