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Abstract—The dispersion of neutrally buoyant matter in neutral and stably stratified atmospheric surface
layers is described by the transient diffusion equation with an eddy diffusivity approximation. The con-
centration moment method. which is well suited to computer techniques, is used to solve the mass con-
servation equation for dispersion near the instantancous line source at ground and elevated levels. The
moment equations are solved by numerical methods for the zeroth, first, second, third and fourth moment
of the longitudinal concentration distribution.

The present results agree with analytic solutions available for neutral flows. The statistical properties
of the dispersing cloud are used to find the constants that appear in the Lagrangian similarity hypothesis

of Batchelor for wide range of stability conditions.

NOMENCLATURE L Monin—Obukhov stability length,

defined for equation (20);

equation (9);

Batchelor’s universal constant that m, exponent in power law variation of
appears in equation (15); concentration ;

defined for equation (20); Ri, local gradient Richardson number
Batchelor’s universal constant that defined as uf/k(g/T)(—9/cpp)
appears in equation (16); S, skew coefficient for longitudinal con-
defined for equation (20); centration curves;

concentration of dispersant at a point ; S, non-dimensional shear, ie. kz/uy
p’th moment of longitudinal concen- (du/dz);

tration distribution taken about & = t dispersion time ;

0; U, mean velocity ;

vertical eddy diffusivity averaged over u, “friction velocity, square root of wall
the cross-section of the flow for shear stress divided by fluid density;
neutral atmosphere ; X, longitudinal spacial coordinate ;
vertical eddy diffusivity averaged over X, first moment of longitudinal concen-
the cross-section of the flow for stably tration distribution taken about the
stratified atmosphere ; mean of the cloud; X = z,¢£ + U,
space increment that is used in Y, transverse spacial coordinate ;
numerical solutions, 0-00833 ; z, vertical spatial coordinate;

time increment that is used in nu- zZ, vertical mean displacement of the
merical solutions, 0-000015— cloud;

flatness factor for longitudinal con- Zos vertical initial mean displacement of
centration curves; the cloud;

von Karman turbulence coefficient Zps reference height in neutral atmo-
in a logarithmic velocity distribution, sphere;

0-42; Zg reference height in stably stratified
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atmosphere ;

friction height ;

non-dimensional stability parameter,
equation (9);

empirical constant in lo
for velocity ;

Dirac delta function;
dimensionless transverse space co-
ordinate, defined as y/z,;
dimensionless vertical space coordi-
nate, defined as z/z,;

dimensionless vertical space coordi-
nate, defined as z/z,;

dimensionless mean velocity of flow,
defined as Uz,/D,;

dimensionless mean velocity of flow,
defined as Uz/D;;

dimensionless local velocity of flow
relative to origin, £ =0, for co-
ordinate system moving at mean
dimensionless velocity u,;
dimensionless local velocity of flow
relative to origin, ¢ =0, for co-
ordinate system moving at mean
dimensionless velocity u,;
dimensionless longitudinal distance
coordinate defined as (x — Ut)/z,;
dimensionless longitudinal distance
coordinate defined as (x — Ut)/z,;
dimensionless mean longitudinal dis-
placement of dispersant from & = 0;

variangce
ya

of lonoitndinal concantra-
riance ol ongruai centra:

tion distributions ;

dimensionless variance of longitu-
dinal concentration distributions ;
dimensionless dispersion time defined
as D,t/z2 which is ku,t/2z ;
dimensionless dispersion time defined
as D t/z2 which is ku,t/2z_;

function defined by equation (9);
universal dimensionless function in-
volving L defined by equation (17);
weighting function for the local velo-
city, defined as (U — U)/U;
weighting function for the local eddy
diffusivity, defined as ¢, /D, ;

1/ weighting function for the local eddy
diffusivity, defined as ¢, /D,.

Subscripts

n, neutral atmospheric conditions;

p. order of the moment of longitudinal
concentration distribution taken
about £ = 0; integers;

s, stably stratified atmospheric condi-
tions.

Superscript

cross-sectionally averaged.

INTRODUCTION

IN THE past decade considerable progress has
been made in the prediction of dispersion of
matter in turbulent shear flows. The practical
applications of this literature to pollution
control studies in natural streams and in the
atmosphere are becoming more numerous. The
means of attacking the problem has usually
involved seeking solutions. for specific initial
and boundary conditions, of the Eulerian
transient diffusion equation. These analysis as
applied to neutral atmospheric conditions, to
fully developed channel and pipe flows have
usually been based on eddy diffusivity approxi-
mation using Reynolds’ analogy and semi-
empirical solutions for the mean flow field.

The difficulty of obtaining solutions to the
transient diffusion equation has encouraged use
of concentration moment transformations which
convert the equation to a more tractable system.
Aris [1] was the first to use the moment trans-
formations in laminar pipe flows. Sayre [2, 3]
employed Aris’ moment transformations to
describe the behavior of the dispersant in a
turbulent, open channel flow. Atesmen [4, 5]
extended G. 1. Taylor’s [6] analysis in turbulent
pipe flows in much the same manner as Sayre
enlarged on Elder’s analysis of open channel
flow [7].

Recently Chatwin [8] applied the moment
technique to puff dispersion in an idealized
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neutral atmosphere. He obtained analytic solu-
tions to the zeroth, first, and second moments
for the marginal distribution of the dispersing
cloud that is released from an instantaneous
point source in the constant stress region. He
also showed that many of the results of the
Lagrangian similarity theory of Batchelor [9, 10]
can be derived without the dimensional argu-
ments used by previous investigators. Chaudry
[11] obtained analytical solutions to the zeroth
and the first moments of the cloud in a stably
stratified atmosphere.

In this paper, the zeroth, first, second, third
and fourth moment of a dispersing cloud are
obtained by using an eddy diffusivity approxi-
mation, Reynolds’ analogy, and semiempirical
solutions for the mean flow field. The mean flow
field for the neutral atmospheric surface layer
satisfies the logarithmic wind profile and the
resulting eddy diffusivity profile for the constant
stress region. The mean flow field for the stably
stratified atmosphere surface layer is assumed
to follow the log-linear profile of Monin and
Obukhov [12] and the resulting eddy diffusivity
profile for a constant stress region. Local and
cross-sectionally averaged statistical properties
are reported and discussed. The “universal”
constants that appear in Lagrangian similarity
hypothesis are also investigated.

PRESENT ANALYSIS

One of the most direct theoretical approaches
to the dispersion process is based on the
principle of conservation of mass. The formula-
tion of the turbulent dispersion equation into
its correspondent concentration moment equa-
tion for the marginal longitudinal concentration
distributions is detailed in several references,
e.g. [1, 2, 4, 8, 11]. The concentration moment
formulation requires that the flow field be
axially homogeneous but the eddy diffusivity
may vary in the transverse directions. Thus in
this work, ¥ will be a specified function of 5
which satisfies the constant shear stress model
and Reynolds analogy. It is worth noting that
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the eddy diffusivity in the transverse direction
in equation (1) could in principle also be time
dependent as required by Taylor’s continuous
movement theory of diffusion, e.g. [13], but
there does not appear to be sufficient atmo-
spheric data on Lagrangian spectral density
functions to warrant this added complexity in
the present study.

ac 0 oc
il (ll/ —") + puxCpy

ot oy on
+pp—DYC,-, (1)

where C, is the pth integer moment of the
marginal concentration distribution with res-
pect to & namely,

+
Cnt)= | &CE n,1)de 2
—
Thus Cgy(n,7) represents the transient mass
distribution in the vertical direction along the
axial centerline ; C,(n, 7} is the mean position of
the cloud as a function of vertical position and
dispersion time. Note that the lateral diffusion
must be accounted for before the transient point
source concentration field, C(¢, 4, (, 1), can be
estimated from the integer moments of the axial
marginal concentration distribution C(#, 7). In
other words,

+w

C¢nv= | C&nd. &)

-

The procedure followed here is similar to that
used by Chatwin [8] for the neutral flow
boundary layer.

The initial conditions for the point source are

C,(n,0) = &n — 7o)
C,n,00=0

where &(n — 7,) is the Dirac delta function and
o is the location of the point source. The
boundary conditions are
oC,
on

The boundary condition at # = 1 holds in case

forp=20

forp>0 “

0 at =0 andat =1 (5
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of an inversion. The solutions for the neutral
atmosphere are essentially correct before this
boundary condition starts to effect the dispersing
cloud (e.g. Figs. 4b and 17), by reflecting mass
at the upper boundary.

The -concentration moment solutions for
p=0,1, 2, 3 and 4 of equation (1) in a neutral
and in a stably stratified atmosphere have been
obtained numerically by using the momentum
transport properties outlined betow.

Throughout this study the turbulent Schmidt
number has been assumed to be unity. This
assumption has been criticized widely. However,
recent studies by Webb [14] show that the ratio
of the eddy diffusivity for heat to the eddy
diffusivity for momentum remains constant,
essentially equal to unity, over a wide range of
thermal stratification.

The mean flow field for the neutral atmo-
spheric surface layers is given by

2
ux=p(lnn+ 1) (6)

where k is von Karman’s constant. The resulting
eddy diffusivity profile for the constant stress
region is given by

Y =21 (7)
The mean flow field for the stably stratified

atmospheric surface layers comes from the well-

known Eulerian similarity theory which was
developed by Monin and Obukhov [12].

2
M= Tag [lIng+ 1+ an—05] (8

where « is the stability parameter, namely
o = fz/L
and
@ = [a — In(1 + 0)]/(a?/2). 9)
The resulting eddy diffusivity profile for the

constant stress region of the stably stratified
flow field is given by

KEMAL M.
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2n
(1 + an)

[t has been found by Webb [14] that the log-
linear wind profile of Monin and Obukhov,
equation (8), 1s valid for z/L values between
—0:03 and +1 which includes a wide range of
stable conditions, and the Monin—Obukhov
coefficient § has a value of 52 in stable condi-
tions. Therefore, the « values in this study range
from zero, neutral conditions, to seven, very
stable conditions.

Y = (10)

BEHAVIOR OF THE STATISTICAL PROPERTIES
OF A DISPERSING CLOUD FROM AN
INSTANTANEOUS POINT SOURCE
AT GROUND LEVEL

All the concentration moments are calculated
in a frame of reference which is moving with the
mean velocity ; note the definition of £ in the
nomenclature list. The results can easily be
converted to a frame of reference which is
moving with the mean displacement of the
cloud as follows.

— = (X — Uy/z, (11)

Co

C, o3 Ci\?

C_O = ‘Z? + E; , etc.
This latter procedure was used by Chatwin [8]
and Csanady [15] for atmospheric dispersion,
while most investigations of dispersion in pipes
and channels [3, 5] have adopted the frame of
reference used herein.

It is very difficult to compare the statistical
properties of a cloud in a neutral atmosphere
with one in a stably stratified atmosphere
because the Monin—Obukhov length scale L
goes to infinity for the neutral case. Further-
more, it is hard to devise a momentum similarity
between the different stability conditions. In
boundary-layer type flows, the free stream
velocity, and in confined flows such as in pipes
and in channels, the mean velocity have been

and
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the customary momentum parameter. However,
none of these velocities are customarily used for
the atmosphere, but rather all attention is
traditionally given to the local velocity values.

In this study, z, is chosen as an arbitrary
height for the neutral atmosphere which is
typically between 50-500 ft. z, is chosen as an
arbitrary height for the stably stratified atmo-
sphere which is typically equal to L. As the
stratification increases, L decreases; that is, the
flow is confined more and more closely to the
ground. With these arbitrary upper heights,
cross-sectionally averaged mean velocities can
be defined as

Zn

Uu,= lj. Udz for neutral flows, and
Z'l

_af
U, = —J Udz for stably stratified flows.

Zs

The mean velocity for the neutral case U, is
taken to be equal to the mean velocity for the
stable case U, in order to be able to compare
the results; that is,
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by assuming u, & U, zo/z, = 0, and zo/z; = 0.
Also most of the plots are shown in the co-
ordinate system of the neutral atmosphere,
namely 7, = z/z, and 1, = D,t/z? for easier
comparison

T

= P exp(0-5 ). (13)

_s
Tn
The comparison of statistical properties in
stratified flows can be made in several different
ways, namely by setting U(z,) = U,z,) or
Uz, = U,(z,), etc. These relations change only
equations (12) and (13). Therefore, the reader
can convert the statistical properties in a
reference frame of his wish.

If the mean temperature and the mean
velocity profiles are assumed to remain similar
throughout the range of thermal stability that is
of interest here, the Richardson number Ri
profiles become

Ri = z/L/(1 + Bz/L). (14)

The Ri profiles are shown in Fig. 1. As «
mncreases, L Ri/z, decreases so Ri increases:

z,/z, = exp (05 a) (12) that is, fRi/a = L Ri/z,.
a= Bz
0.5
- /
0.4 ]
/ -
a=|l
0.3 //
ge / | a3 —T
0.2 e m—
P
Iy a=5
Ol ;i:::: "——‘—————_
o] 1 1 | 1 il 1 1 | | L
0 0.l 0.2 03 0.4 0.5 0.6 07 0.8 09 1.0

FiG. 1. Richardson number as a function of z/z, for different stability conditions.
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In all runs the strength of the instantaneous
point source was chosen such that the cross-
sectionally averaged zeroth moment always
remained equal to unity. The normalization of
Co(n, 1) averaged over the vertical coordinate

KEMAL M. ATESMEN

x = Ut, for ground sources under various
stability conditions is shown in Fig. 3 in terms
of a power index. These power indices are valid
only for the given range of 1,

In Fig. 4a, the vertical distributions of the

0 I=1, a= Bz /L
0.8
—
o X3
© ‘f:
H &4 A\
o $ “O 4
©" o4 \ - -
- \ ~<-\a=5
0.2 \\\\\ ]
\\ a=3 | o t———
I B S
—
0 { i " I 1 1 ) t It
0 Q.01 0.02 0.03 0.04 0.0% 0.06 0.07 0.08 0.09 0.10

FiG. 2. Comparison of the amount of dispersant that stays on the ground for different stability
conditions.

corresponds to the release from an infinite line
source parallel to the y axis. To obtain absolute
values of concentration downstream from a
point source of release at the origin, it would be
necessary to multiply Cq(#, 1) by the fraction of
the injected mass which has diffused off the semi-
infinite infinitesimal slab of thickness dy and
height z, (or z;) which extends along the axial
coordinate from x = — o to x = + oc. In other
words, to obtain absolute values of concentra-
tion in the point source configuration we must
recall that C, (n,7) are axial moments of a
marginal concentration distribution as defined
by equations (2) and (3).

In Fig. 2, the amount of dispersant that stays
on the ground is shown as a function of t, for
different stabilities. As stability and therefore o
increases, Cgg,ouna iNCreases as expected.

The variation of maximum concentration

with time or with axial distance downwind, i.e.

C
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FiG. 3. Comparison of the amount of dispersant that stays
on the ground as a function of dispersion time.
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I=l, 7,=0.016
0.2

0.3
CO

conditions.

FiG. 4a. Vertical distributions of the amount of dispersant at 1, = 0015 for different stability
1O

Effect of Reflection Boundary Condition at 7 =1.0

Exact Solutions of  Present Numerical
Chaotwin  {1968) Solutions
J=10,000, r=0.15 — . .
0.8 ———--J= 5,000 ,7:0.075 — s °
b
\\ Ground Source at I=1
0'6_&; Dt =0.000015, D7=0.00833
\\
n
&
0.4+

0.2+

\l\\“*sg
5

6
ColmT)= fmC(E,'r;.r) 13
-

FaG. .4b. Comparison of zeroth moments between Chatwin’s (1968) exact
solutions and present numericai solutions for an instantaneous ground point

source in a neutral atmosphere.
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FiG. 5. Comparison of numerical and analytical cross-
sectionally averaged first moments as a function of dispersion
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FiG. 6. Comparison of cross-sectionally averaged first
moments for different stability conditions as a function of

time. dispersion time.
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FiG. 7. Comparison of cross-sectionally averaged vertical mean displacements for different stability
conditions as a function of dispersion time.
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FiG. 8. Vertical distributions of the first moments at different dispersion times in a neutral atmo-
sphere for ground level sources; cross-sectional averaged mean displacements & are shown as
closed circles.

zeroth moments are compared for different
stability conditions at 7, = 0-015. Physically,
these curves correspond to the relative vertical
distribution of mass downstream from a ground
level source at a specified non-dimensional time.
More dispersant remains closer to the ground
with increasing stability or .

The behavior of the zeroth moments in a
neutral atmosphere are also compared in Fig.
4b with Chatwin’s [8] analytical solution where
he used the upper boundary condition C — 0
as z— oc. The present numerical solutions
agree very closely with the analytical solution.
However, the use of a reflection boundary

0.8 — B

7, 00127 or—\/

.= 0015
RN l

4

-2

=1 0

FiG. 9. Vertical distributions of the first moments at different dispersion times in a stably stratified
atmosphere ; cross-sectional averaged mean displacements & are shown as closed circles.
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FiG. 10. Cross-sectionally averaged variance of longitudinal
concentration distribution as a function of dispersion time.

condition in the present numerical solutions of
equation (1) at a reference height z, causes the
numerical solutions to start to deviate appreci-
ably for 7, > 0-15 from Chatwin’s exact solu-
tions. Therefore, all the statistical properties
that are reported in this study are for 0 < 1, <
0-15.

KEMAL M. ATESMEN

The cross-sectionally averaged mean displace-
ment of the cloud from x = Ut, i.e. from the
observer riding the mean velocity, is shown in
Fig. 5. The displacement of the cloud is slower
than the displacement of the observer. The
numerical solution is compared with the ana-
lytical solution assuming b = k and ¢ = 0-56.
The discrepancy between the two curves is due
to the values of ¢ which decreases with time and
approaches the long time asymptotic value of
0-56. The behavior of the Lagrangian similarity
constants will be discussed later in more detail.
The cross-sectionally averaged longitudinal
mean displacement of the cloud from the
observer is shown in Fig. 6 for various stability
conditions. As a increases, the cloud does not
diffuse as rapidly as it would in a neutral
atmosphere. The cloud then moves with a mean
velocity which is weighted to the slow speeds
near the ground and deviates appreciably from
the vertically averaged mean wind.

In Fig. 7, the cross-sectionally averaged
vertical mean displacement of the cloud z is
shown. A comparison of vertical mean displace-
ments for the same mean velocity under neutral
and stable conditions reveals that the vertical
spread is greatly reduced due to the effect of
thermal stratification on cloud growth. Figures

1o | T | T
- ‘ !
vt oo ,;
0.8 ———___ %823 1,2 exoct solution without ¢, — 7" = ¥
vy
B 7]
_ _ g? numerical solution with e /
0.6 e 3 SR SN S——— S
o /'
by -

&8 g% numerical solution withou! €, e
3 ~
. e .

I=1, a=0

FiG. 11. Comparison of numerical and analytical second moments as a function of dispersion time.
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FiG. 12. Skew coefficient of longitudinal concentration

Th

distributions as a function of dispersion time.

o7

0.6

C
0 max
inét fal
>

Co ground

0.3

0.2

0.1

(o]

O.10

F(ry)

2281
I-1, a= Bzg/L

3.0
—\<5

28 /

26 AN\ \

. AN
L \
Nes0

24 - N

2.2 ™S

2.0 1 I 1 1 |

(0] 0.02 0.04 0.06 0.08 0.10

™n

FiG. 13. Flatness coefficient of longitudinal concentration
distribution as a function of dispersion time.
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FiG. 14. Comparison of the amount of dispersant that stays on the ground from an elevated source
as a function of dispersion time.
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8 and 9 show the vertical distributions of
longitudinat local displacements of the cloud at
different times for two stability conditions,
o =0 and o = 1. For comparison purposes,
the cross-sectionally averaged mean displace-
ment of the cloud ¢ taken from Fig. 6, are
plotted as solid circles on the local vertical
distributions of ¢ plotted in Figs. 8 and 9.

N

)4

R M
I , L
§§E a=| l\
G’ooﬂ / ~- ‘[AN
| i

T,

n

FiG. 15. Comparison of the amount of dispersant that stays
on the ground from an elevated source for different stability
conditions.

Clearly, the bulk of the cloud is well below the
upper boundary for the cases shown.

The relative longitudinal spread of the cloud
can be estimated from Fig. 10 for different
stability conditions. The dispersant spreads
much more slowly with increasing stable con-
ditions. Figure 11 compares a previous ana-
Iytical solution for neutral case with the

KEMAL M. ATESMEN

numerical solution. The analytical solution was
obtained by neglecting the longitudinal turbu-
lent diffusion which was assumed to be small
compared with interactive combination of ad-
vection and vertical turbulent diffusion. The
addition of the longitudinal turbulent diffusion
in the present numerical solution increases the
variance of the cloud negligibly thereby veri-
fying the assumption that turbulent transfer in
the axial direction is small compared with what
is termed by some authors as “‘Taylor’s diffu-
sion”’.

The Skew coefficient and the flatness co-
efficient of the vertically averaged longitudinal
concentration distributions are shown in Figs.
12 and 13 respectively for several stability
conditions as a function of non-dimensional
dispersion time t,. The behavior of these higher
moments show that the longitudinal concentra-
tion distributions are not Gaussian near the
source. The deviations from normality can be
accounted for by using the Hermite polynomial
representations of the local longitudinal con-
centration distributions (see, Chatwin [16] and
Atesmen [5]).

BEHAVIOR OF THE STATISTICAL PROPERTIES
OF A DISPERSING CLOUD FROM AN
INSTANTANEOUS ELEVATED POINT SOURCE

To investigate the influence of source eleva-
tion, an elevated source was located at =
0-0833 or the tenth vertical increment of the
computational grid. Again most of the plots are
shown in the coordinate system of the neutral
atmosphere, namely #, = z/z, and 1, = D,t/zZ.

Figures 14 and 15 show the zeroth moment of
the dispersant on the ground level as a function
of 1, for different stabilities. As the stability
increases more and more dispersant is trapped
on the ground level.

The vertical distributions of the zeroth
moments are shown in Figs. 16 and 17 for
different stability conditions. The neutral case
is compared with Chatwin’s [8] analytical
solution. The two solutions agree very closely.
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FiG. 16. Vertical distributions of the amount of dispersant at 7, = 0-015 for different stability

conditions.

Exact Solutions of
Chatwin {(1968)
-

o

1.0,
f J=1000, 7=0.015 —=
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1 Dt =0.000015 , Dn=0.00833
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FG. 17. Comparison of zeroth moments between Chatwin’s (1968) exact
solutions and present numerical solutions for an instantaneous elevations
point source in a neutral atmosphere.
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Fic. 18. Comparison of cross-sectionally averaged first
moments for an elevated source as a function of dispersion
time.
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The cross-sectionally averaged mean displace-
ment of the cloud from the observer is always
less for an elevated source than a ground level
source as shown in Fig. 18. The cloud moves
downwind faster from an elevated source as
expected, because the mass is injected into a
region of higher velocity than a ground level
source.

The cross-sectionally averaged vertical mean
displacement of the cloud is shown in Fig. 19.
Figures 20 and 21 show the vertical distributions
of longitudinal local displacements at different
times for « = 0 and a = 1; the cross-sectionally
averaged mean displacements & are shown for
comparison as solid circles on these distribution
curves.

The variance of longitudinal concentration
distribution for various stability conditions is
shown in Fig. 22. The cloud spreads longitudi-
nally relatively faster for an elevated source than
a ground level source.

The skew coefficient and the flatness co-
efficient for the cross-sectional averaged longi-
tudinal concentration distributions are shown
in Figs. 23 and 24 respectively for several
stability conditions for the elevated source.

These statistical parameters do not actually
predict the longitudinal concentration distribu-

0.2 /
2 2
e 1:10, x=pZ/L //

=

0 0.02 0.04

Tn

FiG. 19. Comparison of cross-sectionally averaged vertical mean displacements for an
elevated source as a function of dispersion time.
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FiG. 20. Vertical distributions of the first moments at different dispersion times for an elevated
source ; cross-sectional averaged mean displacements  are shown as closed circles.

tions of the cloud, but only some measures of
these curves and especially the behavior of the
dispersant cloud near the injection source.
However, the combination of the local moments
from Cy(n, t) through C,(n, 1) together with the
Hermite polynomial series distribution function
(see Chatwin [16] and Atesmen [5]) can be used

as a detailed dispersion model for neutral and
for the stably stratified atmospheric surface
layers. In many engineering problems dis-
persants are introduced intermittently or con-
tinuously into the atmosphere. Such sources
cannot be approximated well by an instan-
taneous source, but the concentration distribu-
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Fig. 21. Vertical distributions of the first moments at different dispersion times for an elevated
source ; cross-sectional averaged mean displacements & are shown as closed circles.
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FiG. 22. Variance of longitudinal concentration distribution
as a function of dispersion time for an elevated source.

tion functions resulting from instantaneous
sources can be superimposed to simulate actual
sources (see Batchelor [10] and Atesmen [4]).

LAGRANGIAN SIMILARITY THEORY

The Lagrangian similarity theory was sug-
gested by Batchelor [9, 10] for a neutrally
stratified atmospheric surface layer. The success-
ful application of Eulerian similarity theory over
a wide range of stability conditions, e.g. see
Webb [14] and Monin [17], led to the possi-
bility of extension of Lagrangian similarity
theory to diabatic atmospheric surface layers,
Gifford [18], Cermak [18] and Chaudry [11]
discuss this extension in detail. Only the high-
lights of the theory will be reviewed here in
order to compare the present numerical model
to the similarity predictions.

The average vertical velocity of a particle is
assumed to be uniquely determined by the shear
velocity u, times some universal function in-
volving L ; that is

dz/dt = bu.¢(z/L) (15)

where ¢(0) = 1 for neutral conditions. Similarly,
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F1G. 23. Skew coefficient of longitudinal concentration
distribution as a function of dispersion time for an elevated
source.

the average longitudinal velocity of a particle is

d%/dt = u/k(In(cz/zo) — B/LEE — z,). (16)
The universal function ¢ is obtained using the
log-linear law, namely
$G/L) = 1/SE/L) = 11 + Bz/L)  (17)
where S(z/L) is the nondimensional wind shear.
Combining equations (15) and (17) and
integrating with the assumption that b/k is a
constant yields,
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Fi1G. 24. Flatness coefficient of longitudinal concentration
distribution as a function of dispersion time for an elevated
source.
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where Z, is the initial vertical mean displace-
ment of the cloud for an elevated source.
Equation (18) simplifies to

b/k = (z - E)/Zr,,
Z’l Z"

for the neutral case. Using equations (18) and
(19) and the numerical moment solutions of the
present work, b/k is obtained as a function of 7,
for several stability conditions. Figure 25 shows
the b/k values for ground level source. Chatwin
[8] found that for the neutral case, b = k. That
is, the Eulerian diffusion equation with the
model assumptions concerning velocity distri-
butions and mass diffusivities used herein is
consistent with Lagrangian similarity theory for
neutral flows when one takes Batchelor’s con-
stant b to be equal to von Karman’s constant k.
As the stratification increases the value of b is
not constant but rather decreases. For an
elevated source, Fig. 26, b is equal to k. All the
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Fi1G. 25. Batchelor’s universal constant b as a function of dispersion time for a ground source
and from different stability conditions.



2288 KEMAL M. ATESMEN

\

\‘
0.6 \ \

\

{_ *=3
0.4 \\ \
\

121002 B Zg /1

0.2 — \

0 0.02 0.04 0.06 0.

FiG. 26. Batchelor’s universal constant b as a function of dispersion time for an elevated
source and for different stability conditions.

b/k vs. 1, curves appear to approach an asymp- be integrated to give

totic limit for long dispersion times. From Figs.

25 and 26, it may be concluded that Lagrangian K2PE 2
NS . 0} 2 + J(by + ¢y1,

similarity theory does not apply to short dis- ¢ = exp{ 5 ¢ - [(al V( 21 ¢:%)

persion times and to stably stratified atmo- Ts €1t

spheric flows.

By knowing the value of b, equation (16) can (In(a, + J(by + ;7)) — 3]
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FiG. 27. Batchelor’s universal constant ¢ as a function of dispersion time for a ground source
and for different stability conditions.
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FiG. 28. Batchelor’s universal constant ¢ as a function of dispersion time for an elevated
source and for different stability conditions.

— ay(a, + /by + ¢17)
[In(a, +/(by + ¢175) — 1]

B LR VAt U +2\/b1)- [In(a, + \/bl) — 3]
+ ay(ay + /by [In(ay + Jb) — 1]
+ 2 [(by + c;1,)F — b + 0-50(}, (20)
3¢,
where
2z, Zz2
a1=~1/a,b1=p+az— ‘z—g,
and
_ 4b
“ = ke

Equation (20) simplifies to

= exp {sz —k—- [(%b T, + ZZ—O)

TI,. ~ 2br,
—éln@+z—0]— 1} 21

2, Zp 2,

for the neutral atmosphere. Using equations
(20) and (21), together with vertical and longi-

tudinal mean displacements of the cloud ob-
tained numerically and the b/k values previously
shown, ¢ is obtained as a function of 7, for
several stability conditions in Figs. 27 and 28.
The value of ¢ in a neutral atmosphere for a
ground level source approaches an asymptotic
limit of 0-56 for long dispersion times as was
found by Chatwin [8]. The value of ¢ can be
described physically as the difference between
the average horizontal velocity of the particles
and log-linear wind velocity at the average
height Z, namely

dx/dt — (z) = u/k In (c). (22)

Both for the ground level source, Fig. 27, and
for the elevated source, Fig. 28, the values of ¢
stay the same. The ¢ values vary with stability
and with dispersion time. As the stability
increases, the average horizontal velocities of
the particles approach the log-linear wind
velocity, i.e. equation (22). Clearly, Lagrangian
similarity predictions involving constants b and
¢ are generally not consistent with the Eulerian
diffusion model used here for stably stratified
flows.

CONCLUDING REMARKS
The characteristics of a cloud of neutrally
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buoyant dispersant have been calculated nu-
merically using the concentration moment tech-
nique. The transient Eulerian diffusion equation
with an eddy diffusivity approximation was
assumed to apply to the constant stress region
of an atmospheric boundary layer. The model
utilizes semi-empirical wind profiles, logarith-
mic for neutral flows and log-linear for stably
stratified flows, and a turbulent Schmidt number
of unity. The technique demonstrated here
could easily be applied to more complex shear
flow models, if there was experimental evidence
which warranted it, so long as the flow field is
axially homogeneous over the region of interest.

The dispersing cloud in a stably stratified
flow grows much slower than under neutral
flow conditons. In all cases, the interaction of
the vertical turbulent diffusion with the verti-
cally varying axial mean flow field causes a
horizontal dispersion which is many times that
which would occur due to axial turbulent
diffusion. The concentration distributions are
complex, but using the moments of the concen-
tration distributions presented herein, good
estimates of the most probable cloud shape can
be made. The clouds are highly skewed and are
not well represented by a Gaussian concentra-
tion distribution; this is especially true for
elevated sources in the shear region.

The “constants” of Lagrangian similarity
theory are shown to be strongly dependent on
the dispersion time and degree of stability. Only
for the special case of neutral flows are the
predictions of the present model consistent with
those of Lagrangian similarity theory.
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DISPERSION OF MATTER

LA DISPERSION DE MATIERE DANS DES COUCHES SUPERFICIELLES
ATMOSPHERIQUES NEUTRES ET STRATIFIEES DE FACON STABLE

Résumé—La dispersion de matiére librement mouvante dans des couches atmosphériques superficielles
neutres et stratifiées de fagon stable est décrite par I"équation de diffusion transitoire avec une approximation
sur la diffusivité par turbulence. La méthode du moment de concentration qui s’adapte bien aux techniques
des ordinateurs est utilisée pour résoudre I'équation de conservation de masse pour la dispersion prés
de la source linéaire instantannée & des niveaux prés du sol et élevés. Les équations des moments sont
résolues par des méthodes numériques pour les moments d’ordre zéro, un, deux, trois et quatre de la
distribution longitudinale de concentration.

Les résultats s’accordent avec des solutions analytiques valables pour des écoulements neutres. Les
propriétés statistiques du nuage dispersant sont utilisées pour trouver les constantes qui apparaissent dans
I’hypothése de similarité lagrangienne de Batchelor pour un large domaine de conditions de stabilité,

DIE STOFFVERTEILUNG IN NEUTRALEN UND STABILEN
OBERFLACHENSCHICHTEN DER ATMOSPHARE

Zusammenfassung— Die Verteilung von Teilchen ohne Auftrieb in neutralen und stabilen Oberflichen-
schichten der Atmosphire wird beschrieben mit Hilfe der Ubergangs-Diffusions-Gleichung und einer
Niherungsldsung fiir den Turbulenzgrad. Die Konzentrations-Momenten-Methode, die sich gut fiir
Rechenmaschinen eignet, wird beniitzt, um die Massenerhaltungsgleichung fiir die Verteilung nahe der
augenblicklichen Linienquelle am Boden und in verschiedenen Hohen zu losen. Die Momentengleich-
ungen werden auf numerische Art geldst und zwar fiir das nullte, erste, zweite, dritte und vierte Moment
der Liangskonzentrationsverteilung. Die vorliegenden Ergebnisse stimmen mit analytischen Losungen
fiir neutrale Stromung iiberein. Die statistischen Eigenschaften der sich verteilenden Wolke werden
herangezogen um die Konstanten zu ermitteln, die in der Lagrangen Ahnlichkeitshypothese von Batchelor
auftreten, und zwar fiir einen grossen Bereich der Stabilititsbedingungen.

AUCITEPCUA BEIIECTBA B HENTPAJIBHEIX M YCTORYUBO
CTPATUOUIINPOBAHHBIX ITOBEPXHOCTHLIX CHOAX ATMOC®EPHI

Anporagas—/lucnepcun HeHTPATLHO MIABAIOIIETC BEIECTBA B HeHTPaNbHEX ¥ yCTOHYHBO
CTPATHHIUPOBAHHLIX MOBEPXHOCTHEIX CHOAX aTMocflepH OTIMCHBACTCHA HECTANMOHADHBIM
ypasHenuem puddysuu ¢ npUMeHeHneM IPHOIIVKEHHOTO KOBGPHIMEHT BUXpeRoH aupPyauu.
Jlan pacuera ypaBHeHHs COXPAHEHUA MACCH HpH JUCIIEPCUH BO3JIE JIMHEHHOr0 UCTOYHHKA HA
YPOBHE N B YDOBHA BeMIM MCHONL3YETCA METOl, MOMEHTA KOHUHTPALHMHM, KOTODHM
MOIKET HCHIOJIE30BATLCH NpH pacyerax Ha SBM. VpasHenus MOMEHTOB POWIAIOTCA YHCIICHHEIMH
METOJaMU LI HYJEBOIO, BTOPOTO, TPETHEr0 M YETBEPTONO MOMEHTOB NPOOIBHOIO pacnpe-
AeIeHUA KOHIEHTPALMM .,

Pesynbrarel faHHOK paGOTH COrNACYIOTCA ¢ MMEIOUMMHUCA AHAINTHSECKUMH peineHnAMHA
AnA weltTpasnbHLX Tewenu#t. CraTucTudecKHe CBONCTBA RHCHEPTUPYIOMIErc o6IaKa HCIOIBE-
YOTCA [AA HaXOKIEHMA TOCTOAHHHX, KOTOpHE NOABIAKTCA B JArpammesoll rumorese

nofobua Bervenopa anA uIMpoOKOro AMANasoHA YCHOBHHE yCTOMYMBOCTY,
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